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Abstracts 



(N 
> 



We introduce the notion of stringy E-function for an arbitrary normal irreducible algebraic variety 
X with at worst log-terminal singularities. We prove some basic properties of stringy i?-functions 
and compute them explicitly for arbitrary Q-Gorenstein toric varieties. Using stringy B-functions, we 
QQ ■ propose a general method to define stringy Hodge numbers for projective algebraic varieties with at 

C D ' worst Gorenstein canonical singularities. This allows us to formulate the topological mirror duality 

■ test for arbitrary Calabi-Yau varieties with canonical singularities. In Appendix we explain non- 

Archimedian integrals over spaces of arcs. We need these integrals for the proof of the main technical 
statement used in the definition of stringy Hodge numbers. 
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1 Introduction 



O . 

(]J , Topological field theories associated with Calabi-Yau manifolds predict the following Hodge-theoretic 

W)' property of mirror manifolds 



// two smooth d-dimensional Calabi- Yau manifolds V and V* form a mirror pair, then their 
Hodge numbers must satisfy the relations 

hP'^iV) = h'^-P-'^iV*), 0<p,q<d. (1) 



' In particular, one has the following equality for the Euler numbers 

eiV) = i-ireiV*). (2) 

The relation (|l|) is known as a topological mirror symmetry test [p7| . The physicists' discovery 
of mirror symmetry has been supported by a lot of examples of mirror pairs {V, V*) consisting of 
Calabi-Yau varieties with Gorenstein abelian quotient singularities . Some further examples of 
mirror pairs {V, V*) consisting of Calabi-Yau varieties with Gorenstein toroidal singularities have 
been proposed in |[ ^. ^ . We want to stress that a mathematical formulation of the topological 
mirror symmetry test for Calabi-Yau varieties with singularities is a priori not clear, because (|l|) 
does not hold for usual Hodge numbers of V and V* if at least one of these Calabi-Yau varieties 
is not smooth. 

Let us illustrate this problem using some simplest examples: 
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Example 1.1 Let 1/ C be a Fermat quintic 3-fold defined by the equation /(z) = J2i=o '^i ~ ^■ 
Physicists predict that the mirror of V is isomorphic to the quotient V* = V jG, where G = {'L/^ZY' 
is maximal diagonal subgroup of PSL{5, C) which acts trivially on the polynomial /. It is easy to 
check that 

1 ^ h^'^iV*) = h^'\V*) = h^'\V) = h^'\V). 

However one has 

1 = h^'\v*) = h^'^iV*) ^ h^'\V) = h^'\V) = 101. 

In order to obtain the required duality (Q), one needs to construct a smooth Calabi-Yau 3-fold 
V* by resolving singularities of V* . It is possible to show that the Hodge numbers h^'^{V*) = 
h'^''^(y*) = 101 do not depend on the choice of such a desingularization (see Q for more general 
result) . 

Example 1.2 Let y C be a Fermat octic 4-fold defined by the equation /(z) = Zq + zf + 
zf + z| + zf + zf = 0. Then physicists predict that the mirror of V is isomorphic to the quotient 
V* = V/G, where G is maximal diagonal subgroup of PSL{6,C) which acts trivially on the 
polynomial /. By resolving abelian quotient singularities on V*, one obtains a smooth Calabi-Yau 
4-fold V* with the Hodge numbers 

h^^\V*) = h^'^iV*) = 433, /i2'2(y*) ^ 1820. 

On the other hand, it is easy to check that 

h^-\V) = h^-^{V) = 433, h^''^{V) ^ 1816. 

We observe that h'^'^{V*) - h'^^'^{V) = A ^ 0. The duafity (|l|) fails, because V has 4 isolated 
singular points: Zq + zf = 0, Z2 = Z3 = Z4 = Z5 = 0. A small neigbourhood of each such a point 
is analytically isomorphic to C*/ ± id. Unfortunately, it is impossible to resolve these singularities 
of V if one wants to keep the canonical class trivial. 

The last example shows that we need some new Hodge numbers, so called string-theoretic Hodge 
numbers (or simply stringy Hodge numbers) h^l''{X) for singular Calabi-Yau varieties X, so that 
for each mirror pair (V, V*) of singular Calabi-Yau varieties we would have 

h^^i''{v) = hi-p^'^{vn, o<p,q<d. (3) 

(In particular, we would have h^i^iV) = h'^''^{V) + 4 = 1820 in O.) 



Let us fix our terminology. In this paper we want to consider the following most general 
definition of Calabi-Yau varieties with singularities: 

Definition 1.3 A normal projective algebraic variety X is called a Calabi-Yau variety if X has 

at worst Gorenstein canonical singularities and the canonical line bundle on X is trivial. 



Remark 1.4 One usually requires that the cohomologies of the structure sheaf Ox of a Calabi- 
Yau variety X satisfy some additional vanishing conditions 

h'{X,Ox)=0, 0<i<d = dimX. 

However, in the connection with the mirror symmetry, we don't want to restrict ourselves to these 
additional assumptions. 
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So far (see our approach to the topological mirror symmetry test was restricted to 

the following steps: First, one chooses a class of "allowed" Gorenstein canonical singularities on 
Calabi-Yau varieties. Second, one defines the notion of stringy Hodge numbers h^^' for Calabi-Yau 
with the allowed singularities. Third, one proves for already known examples mirror pairs 
{V, V*) of Calabi-Yau varieties with the allowed singularities. For instance, a definition of stringy 
Hodge numbers for projective algebraic varieties with Gorenstein quotient singularities or with 
Gorenstein toroidal singularities has been introduced in |^ , and all steps of the above program has 
been succesfuUy accomplished for Calabi-Yau complete intersections in toric varieties in [||. 

One could naturally ask whether there exists a way to define stringy Hodge numbers for projec- 
tive algebraic varieties with arbitrary Gorenstein canonical singularities. One of purposes in this 
paper is to show that in general the answer is "no". Nevertheless, there always exists a way to 
formulate the topological mirror symmetry test for Calabi-Yau varieties with arbitrary Gorenstein 
canonical singularities. Our main idea consists of an association with every projective variety X 
with at worst Gorenstein singularities a rational function Est{X;u,v) G Z[[m, u]] nQ(u,w), which 
we call stringy E -function. If Est{X; u, v) is a polynomial, then the coefficients of this polynomial 
allow us to define the stringy Hodge numbers h^^^{X) by the formula 

If Est{X; u, v) is not a polynomial, then we can't define stringy Hodge numbers of X and say that 
they do not exist. However, even in this bad situation we could think about Est{X;u,v) as if it 
were a generating function for Hodge numbers of a smooth projective manifold, i.e., as 

In particular, we shall sec that the function Est{X;u,v) always satisfies the following Poincare 
duality: 

E,t{X;u,v) = {uvfE,t{X;u-\v-'). 

For this reason, one can always formulate the topological mirror symmetry test for a mirror pair 
(V, V*) of d-dimensional Calabi-Yau varieties with arbitrary singularities as the equality 

Est{V;u,v) = {-ufE,t{V*;u-\v), 

whenever the stringy Hodge numbers of V and V* exist or not. This is exactly the formula which 
has been proved for Calabi-Yau complete intersections in toric varieties . 

The paper is organized as follows. In section 3 we introduce stringy i?-functions and discuss 
their properties. In section 4 we compute these functions for toric varieties. In section 5 we 
give further examples of £'-functions and formulate so me n atural open questions. In Appendix 



we explain the proof of the main technical statement p.4| which rely upon a non-Archimedian 
integration over the space of arcs. This part of the paper is strongly influenced by Kontsevich's 
idea of motivic integration ||25| and a recent paper of Denef and Loeser [|l5| . 



Acknowledgements: It is my pleasure to thank Professors Yujiro Kawamata, Maxim Kontsevich, 
Shigefumi Mori, Miles Reid, Yuji Shimizu, Joseph Steenbrink and Duco van Straten for useful 
discussions concerning this topic and the Taniguchi Foundation for its financial support. 
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2 Basic definitions and notations 

Let X be a normal irreducible algebraic variety of dimension d over C, Zd_i{X) the group of Weil 
divisors on X, Div(X) C Zd,-i{X) the subgroup of Cartier divisors on X, Zd_i{X) ® Q the group 
of Weil divisors on X with coefficients in Q, Kx G Zd-i(X) a canonical divisor of X. We denote 
by hi{X) the rank of the j-th cohomology group with compact supports -f/"^(X, Q). By the usual 
Euler number of X we always mean 

e{X)^Y.^-lYMX). 

i>0 

The groups Hl{X,C), {0 < i < 2d) carry a natural mixed Hodge structure jlll. We denote by 
hP'i (^Hl{X,C)) the dimension of the (p, g)-type Hodge component in C) and define the 

-E-polynomial by the formula 

E{X;u,v) :=^ef'«(X)ufw9, 

where 

i>0 

In particular, one has e{X) = E{X\ 1, 1). 

Remark 2.1 For our purpose, it will be very important that i?-polynomials have properties which 
are very similar to ones of the usual Euler characteristic: 

(i) \i X — XiVJ ■ ■ ■ \J Xk is a disjoint union of Zariski locally closed strata Xi, . . . , Xk, then 

A; 

1=1 

(ii) it X = Xi X X2 is a product of two algebraic varieties Xi and X2, then 

E{X;u,v) = E{Xi;u,v) ■ E{X2;u,v); 

(iii) if X admits a Zariski locally trivial fibering over Z such that each fiber of / : X — > Z is 
isomorphic to affine space C", then 

E{X; u, v) = £;(C"; u, v) ■ E{Z; u, v) = m, v). 

Recall the following fundamental definition from the Minimal Model Program p3| : 

Definition 2.2 A variety X is said to have at worst log-terminal (resp. canonical ) singulari- 
ties, if the following conditions are satisfied: 

(i) Kx is an element of Div(X) (3 Q (i.e. X is Q-Gorenstein). 

(ii) for a resolution of singularities p : Y ^ X such that the exceptional locus of p is a divisor 
D whose irreducible components Di, . . . , Dr are smooth divisors with only normal crossings, we 
have 

r 

Ky = p*Kx + ^a,Di 
i=i 

with flj > — 1 (resp. > 0) for all where Di runs over all irreducible components of D. 
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3 Stringy Hodge numbers 



Definition 3.1 Let X be a normal irreducible algebraic variety witli at worst log-terminal singu- 



larities, p : Y ^ X a. resolution of singularities as in 2.2, _Di, . . . ,13^ irreducible components of 



the exceptional locus, and /:={!,..., r}. For any subset J C / we set 



D, 



3 ■ 



We define an algebraic function Est{X] u, v) in two variables u and v as follows: 

uv — 1 



(it is assumed Iljgj be 1, if J = 0). We call Est{X] u, v) stringy iJ-function of X. 

Remark 3.2 Since all a.i G Q, but not necessary G Z, £^st(^;u,w) is not a rational function 
in u, V in general. On the other hand, if all singularities of X are Gorenstein, then the numbers 
ai,...,ar are nonnegative integers, hence, Est{X;u,v) is a rational function. Moreover, it is 
easy to see that Est{X; u, v) is an element of Z[[u, v]] n Q{u, v). 

Definition 3.3 In the above situation, we call the rational number 
est(X) := hm E,t{X;u,v) = ^ e{D°j) J] 

the stringy Euler number of X. 

For Est{X; u, v) and est(^) to be well-defined we need the following main technical statement: 

Theorem 3.4 The Junction Est{X]u,v) doesn't depend on the choice of a resolution p : Y ^ X, 
if all irreducible components of the exceptional divisor D are normal crossing divisors. Moreover, 
it is enough to demand the normal crossing condition only for those irreducible components Di of 



D for which ai ^ {see the formula in 2.2) 



Remark 3.5 A complete proof of this statement will be postponed to Appendix. Its main idea, 
due to Kontsevich, is based on an interpretation of the formula for Est{X;u,v) as a some sort of 
a "motivic non-Archimedian integral" over the space of arcs Joo(X) which imitates properties of 
p-adic integrals over Zp-points of algebraic schemes over Zp (see |12[ ). Some details of this idea 
can be found in papers of Denef and Loeser |l^, |l^ (see also ||l^, |14[|). 

Corollary 3.6 If X is smooth, then Est{X;u,v) = E{X;u,v). 

Our next statement shows that although Est{X;u,v) is not necessary a polynomial, or even 
a rational function, it satisfies the Poincare duality as well as usual i?-polynomials of smooth 
projective varieties. 
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Theorem 3.7 (Poincare duality) Let X be a projective Q-Gorenstein algebraic variety of 
dimension d with at worst log-terminal singularities. Then Est{X; u, v) has the following properties: 
(i) 

E,t{X;u,v) = {uvfE,t{X;u-\v-^y, 

(ii) 

E,,{X;0,0) = 1. 



Proof, (i) Let p : Y ^ X he a. resolution with the normal crossing exceptional divisors Di, . . . , Dr. 
Using the stratification 

Dj= [j D°j„ 
j'dJ 

we obtain 

E{Dj-u,v)= E{D°j,;u,v). 

J'C.T 

Applying the last equality to each closed stratum D j' , wc come to the following formula 

E{D°j;u,v) = {-iy'^-^''^E{Dj,;u,v). 

J'CJ 

Now we can rewrite the formula for E{X;u,v) as follows 

Jci \J'cJ / jeJ ^ ' 

ET^, ^ X T r / uv — 1 \ \ ^ ^ f-r ( uv — iuvYi'^^ \ 

^(^r, u, v) n - 1) = E mr, u, V) n ) • 

It remains to observe that each term of the last sum satisfies the required duality, because 
and 

{uvf-\'^\^E{Dj;u-\v-^) = E{Dj;u,v) 

(the last equation follows from the Poincare duality for smooth projective subvarieties Dj C F of 

dimension d— |J|). 

(ii) By substitution u = ti = in the expression for -E'st(-'^; u, v) obtained in the proof of (i), we 

get 

Est{X;u,v)=EiY;0,0). 
It remains to use the equality E{Y; 0,0) = 1, which follows from the Poincare duality for Y. 

□ 

Definition 3.8 Let X be a projective algebraic variety with at worst Gorenstein canonical singu- 
larities. Assume that Est{X;u,v) is a polynomial: Est{X;u,v) = X^p^g dp.g'U^i'^- Then we define 
the stringy Hodge numbers of X to be 

K^{X) := (-1)^+%^,,. 
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Remark 3.9 It follows immediately from 3.7 that if Est{X; u, v) is a polynomial, then the degree 
of Est{X; u, v) is equal to 2d. Moreover, in this 
are integers satisfying /igj^(X) — hlf{X) Vp,q. 



of Est{X;u,v) is equal to 2d. Moreover, in this case one has h'^f{X) — h'!^l'^{X) = 1 and h^C{X) 



Conjecture 3.10 Let X he a projective algebraic variety with at worst Gorenstein canonical sin- 
gularities. Assume that Est{X;u,v) is a polynomial. Then all stringy Hodge numbers h^l'^{X) are 
nonnegative. 

Now we consider a geometric approach to a computation of stringy Hodge numbers. 

Definition 3.11 Let X be a projective algebraic variety with at worst canonical Gorenstein sin- 
gularities. A birational projective morphism p : Y ^ X is called a crepant desingularization 
of X if F is smooth and p*Kx — Ky. 



Theorem 3.12 Assume that a Q-Gorenstein algebraic variety with at worst log-terminal singu- 
larities X admits a projective birational morphism p : Y X such that p*Kx = Ky ■ Then 
Est{X;u,v) = Est{Y;u,v). In particular, if p is a crepant desingularization {i.e. if Y is smooth), 
then Est{X; u, v) = E{Y; u, v) and therefore h^i^X) = hP'^Y) Vp, q. 

Proof. Let a : Z — > F be a resolution of singularities of Y such that the exceptional locus of the 
birational morphism a is a divisor D with normal crossing irreducible components Di, . . . , Dr- We 
have 

r 

Kz = a*KY + '^a,D,. 

i=l 

The composition a o p : Z ^ X is a, resolution of singularities of X and we have 

r 

Kz = a*{p*Kx) + ^ Oi A, 

i=l 

since p*Kx = Ky- Denote by D' the exceptional locus of a o p. Then SuppD' D SuppD, i.e., if 
one writes 

s 

Kz = a*{p*Kx)+Y.a',D'^, 

i=l 

where D'l, . . . , D'^ are irreducible components of D' , then a'j = for all G {1, . . . , s} such that 
D'j C SuppD' \ SuppD. By 3.4, we obtain the same formulas for the £'-functions of Y and X in 
terms of the desingularizations p o a and a, i.e., Est{X; u, v) — Est(Y; u, v). The last statement of 
this theorem follows immediatelly from 3.6, □ 



Remark 3.13 Let X be an n-dimensional Calabi-Yau variety in the sense of|r|. In § we have 
shown that 

— Est{X;u,l)\u=i = e,t(X). 

This identity of the above type for smooth varieties X has appeared in the papers of T. Eguchi 
et. al |l^ in the connection with the Virasoro algebra. If X is smooth, then the above identity 
follows from the Hirzebruch-Ricmann-Roch formula (see ^). By 3.12, this immediately implies 
the identity for any X which admits a crepant desingularization. If X is a ifS-surface, then the 
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identity is equivalent to the equality e{X) — 24. We remark that for smooth Calabi-Yau 4-folds X 
with h^'°{X) = h'^'°{X) = h^'^{X) = the identity is equivalent to the equality 

eiX) = 6(8 - h^ \X) + h^-\X) - h^'\X)) 

(see also 

4 Stringy ^'-function of toric varieties 

Let us consider the case when X is a normal d-dimensional (Q-Gorenstein toric variety associated 
with a rational polyhedral fan E C A'r = (3 M, where iV is a free abelian group of rank d. Denote 
by Xg. the torus orbit in X corresponding to a cone a (codimxX^ = dim a). Then the property of 
X to be Q-Gorenstein is equivalent to existence of a continious function ipx ■ Nth — > R>o satisfying 
the conditions 

(i) ^pxifi) = 1 , if e is a primitive integral generator of a 1-dimensional cone cr e E 

(ii) ifK is linear on each cone G E. 

The following statement is well-known in toric geometry (see e.g. ||2^, Prop. 5-2-2): 

Proposition 4.1 Let p : X' ^ X he a toric desingularization of X , which is defined by a 
subdivision E' of the fan E. Then the irreducible components Di, . . . , D^. of the exceptional divisor 
D of the birational morphism p have only normal crossings and they one-to-one correspond to 
primitive integral generators e'l, . . . , ej, of those l-dimensional cones a' G E' which do not belong 
to E. Moreover, in the formula 

r 

Kx' = p*Kx+^a^D„ 

i=l 

one has ai — ifK(e-'i) — 1 Vi G {1, . . . , r}. 

Corollary 4.2 Any normal Q-Gorenstein toric variety has at worst log-terminal singularities. 

Let (J° be the relative interior of a (we put a° — 0, it a — 0). We give the following explicit 
formula for the function Est{X; u, v): 

Theorem 4.3 

cr6S nG(T°nA' 

Proof. Let p : X' ^ X he a. toric desingularization of X defined by a regular simplicial subdi- 
vision E' of the fan E, Di, . . . ,Dr the irreducible components of the exceptional divisor D oi p 
corresponding to primitive integral generators e'j^, . . . , G N , and / = {1, . . . , r}. First of all we 
remark that the condition p|^g j Dj ^ for some nonempty J C / is equivalent to the fact that 
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is a cone of E'. Let S'(J) be the star of the cone aj C S', i.e., S'(J) consists of the cones a' G E' 
such that a' D aj. We denote by ^^(J) the subfan of S'(J) consisting of those cones a' G E'(J) 
which do not contain any where i ^ J. Then the fan E'( J) defines the toric subvariety Dj C X' 
and the fan ^'^(J) defines the open subset Dj C I?,/. The canonical stratification by torus orbits 



^' = U 



induces the foUowing stratifications 



0}= U X'^„ 0^JC/. 

So we have 

E{D};u,v)^ J2 H-l)''"*""'"' 7^JC/. (4) 

<T'GS'„(,/) 

Let E'(0) be the subfan of E' consisting of those cones a' G E' which do not contain any element 
of {e[, . . . , e'j.}. Then E'(0) defines the canonical stratification of 

X'\D^ ^ X'^,. 
<j'eE'(0) 

In particular, one has 

E{X'\D;u,v) ^ ^ {uv ~ 1)''-*™ . (5) 
<T'eS'(0) 

The smoothness of X' implies that crj n is a free semigroup with the basis {e^ jjgj. For this 
reason we can express the power series 

nGa-°nN 

as a product of \ J\ geometric series: 
Hence, 

n j::/_i =(-"i)'^' E M--^"^ (6) 

Combining (Q), (^) and (H), we come to the formula 

EstiX;u,v) = EiX\D;u,v)+ J2 EiD°j;u,v)iuv-l)\''\ I ^ M"'""^"M = (7) 
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Note that 

E' = S(0)U y KiJ)- 

If a' = {Aie-^ H — • + A/je,-^ | Ai, . . . , Afe e M>o} is a fc-dimensional cone of S'(0), then the value of 
ipK is 1 on aU elements of {e^^ , . . . , e^^, } and therefore 



fe 



^-^ V 1 — (mw) ^ / 

On the other hand, if a' — {Aie-^ + • ■ • + Afce-^ | Ai, . . . , Afc G K>o} is a /c-dimensional cone of S'(J) 
(0 / J C /), then 

= (uv - (H"'"'^"^ 

since the value of (pj^ is 1 on all elements of {e^^, . . . , e^^} \ {e^ jjgj. It remains to apply and 
use the fact that S' is a subdivision of S, i.e., 

IJ f7°n7V= IJ ((7')°niV. 

□ 

Proposition 4.4 // aZ/ singularities of a toric variety X are Gorenstein, then Est{X]u,v) is a 
polynomial. 



Proof. According to [g8|, X is Gorenstein if and only if ipK{n) G Z for all n <^ N . By 4.3, it is 
sufficient to prove that 

{uv~iY Y {uvyf"^'^^ 

n£(T°nN 

is a polynomial in uv for any cr G E. The latter follows from the fact that 



is a polynomial in t of degree dim cr ||l^ . □ 
Recall the following definition introduced by M. Reid [p8|(4.2): 

Definition 4.5 Let X be an arbitary d-dimensional normal Q-Gorenstein toric variety defined by 
a fan E. Denote by E^'*'' the set of all c?-dimensional cones in E. If u £ E^''-' is an arbitrary cone, 
then define shed of a to be the pyramid 

shedo- = an{y e : (pK{y) < !}■ 
Furthermore, define shed of E to be 

shed E = y shed a. 
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Definition 4.6 Let a e E'^''^ be an arbitrary cone. Define vol{a) to be the volume of shed cr with 
respect to the lattice N C A% multiplied by d\. We set 

vol{Y,) :— vol{a). 

Remark 4.7 It is easy to see that vol{a) is a positive integer. Moreover, vol{a) = 1 if and only 
if a is generated by a Z-basis of N . 

Definition 4.8 Let X,X' and X" be normal d-dimensional Q-Gorenstein toric varieties. Assume 
that we are given two equivariant projective birational morphisms g : X —> X" and h : X' —>■ X" 
such that K^^ is g-ample , Kx' is ft.-ample, and both g and h are isomorphisms in codimension 1. 
Then the birational rational map / h^^ o g : X --^ X' is called a toric flip. 

The next statement playing important role in termination of toric flips is due to M. Reid (see 
p. 417 in @): 

Proposition 4.9 Let f : X X' he a toric flip of arbitrary Q-Gorenstein toric varieties X 
and X' associated with fans E and E' . Then 

vol{T.) > wo/(E'). 



Now we observe the following: 

Proposition 4.10 Let X be an arbitrary normal Q-Gorenstein toric variety defined by a fan E. 
Then the stringy Euler number est{X) equals wo^(E). In particular, one always has est(^) G Z. 



Proof. By 3.12 , it is enough to prove the statement only for the case of a simplicial fan E (one 
can always subdivide an arbitrary fan E into a simplicial fan E' such that shedE = shedE'). Let 
(T G E be a d-dimensional simplicial cone with primitive lattice generators ei, . . . , e^. Then vol{a) 
is equal to the index of the subgroup in N generated by ei, . . . , e^. By a direct computation, one 
obtains that 

lim {uv - if y (uw)-'^^(") = vol{a). 
neu°nN 

Now if CT £ E be a fc-dimensional simplicial cone with primitive lattice generators ei, . . . , (fc < n). 
Then, as in the previous case k — d, we compute that 

lim {uv - if V (uw)-'^^(") = vol{a) 

u,v — *1 ^ — ^ 

n£a°nN 

is a positive integer. Therefore, 

lim {uv - if V (ww)-'^^(") = vol{a) lim {uv - if-'' = 0. 

u,v — >1 ^ — ^ u,v — >1 

It remains to apply |4.3| . □ 

Corollary 4.11 Let f : X X' be a toric flip of arbitrary Q-Gorenstein toric varieties X and 
X'. Then 

est{X) > e,t{X'). 
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5 Further examples and open questions 



Example 5.1 Let Xq be a (d — l)-dimcnsional smooth projective Fano variety with a very ample 
line bundle L such that L®*^ = K^''^ for some positive integers k,l. We define X to be the cone 
over Xq in a projective embedding defined by L, i.e., X is obtained by the contraction to a singular 
point p € X oi the section D in the P^-bundle Y :— ¥{Oxo ® ^) corresponding to the embedding 
Oxo ^ Oxo ® L. 

Let us compute the function Est{X; u, v) by considering the contraction morphism p : Y X 
as a desingularization of X. By a direct computation, one obtains 

Ky = p*Kx + (y - l) ^' 

i.e., X has at worst log-terminal singularities. Since the stratum X\p = Y \ D \s isomorphic to 
the total space of the line bundle L over Xq, we have 

E{X \ p; u, v) = {uv)E{Xq; u, v). 

Using the isomorphism Xq _D, we obtain 

uv — 1 

EstiX; u, v) = E(X \ p; u, v) + - — -rr, -E{Xo; u, v) = 

(uv)''''- — 1 

= EiX,; u, .) [uv + _ ^ ) = EiXo; u, v). 

Therefore, one has 



Example 5.2 It is not true in general that Est{X;u,v) is a polynomial even if X has at worst 
Gorenstein canonical singularities: Let us take Xq in Example to be a smooth quadic of 
dimension d — 1 >2. Then k — d — 1, 1 = 1 and 

(i + M^)(M'*'-i) 

it d — 1 IS even 



uv — 1 

(uv)'^ - 1 



E{Xo;u,v) 

I y 

uv — 1 

Hence, for the quadric cone X over Xq we have 



if d — 1 is odd 



EstiX;u,v) 



(uv)''--! \ I {1 + {uv)^){{uv)^ - 1) 



{uvy-^ - 1 
{uvY - 1 




if d — 1 is even, 
if d — 1 is odd. 



d-1 



if 0? — 1 is even, 
if d — 1 is odd. 
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The function Est{X]u,v) is not a polynomial and est(^) ^ Z for d > A. In particular, stringy 
Hodge numbers of X do not exist if d > 4. If d = 3, then Est{X; u, v) equals {uv + l){{uv)'^ + uv + l) 
and we obtain h^^^iX) = h^^^{X) = 2, e^tiX) = 6. 

Example 5.3 Let X C be a 3-dimensional hypersurface defined by the equation x'^ + y'^ + 
z"^ = 0, po : V"o <C^ the blow up of the point q = (0,0,0,0) G C, and Xq := p^^{X). 
Then Xq is smooth and the exceptional locus of the birational morphism po : ~* X consists of 
an irreducible divisor Dq C Xq which is isomorphic to a singular quadric Q C P'^ defined by the 
equation Zq — ziZ2 = 0. Denote by pq G Dq the unique singular point in Do- Let pi : Y ^ Xq 
be the blow up of on Xq, Di the birational transform of Dqj and D2 = Pi^{po)- Then the 
composition p = pi o pQ : Y ^ X is a resolution of X with normal crossing divisors Di, D2. The 
unique singularity q ^ X \s terminal. On the other hand, one has 

Ky^P*Kx + 1-Di + 2-D2, 

E{D,l,;u,v) = {uvf ~ 1, E{D°;u,v) = {uv + l)uv, EiD^^u^v) = [uvf, E{D^i^2};u,v) = uv + l. 

Hence, the stringy i?-function of the Gorenstein variety X is the following 

111) — \ WL) — 1 (uU — 

Est{X;u,v) = {uv)^-l + {uv + l)uv- — - + {uvf- — - + {uv + l)- — — - — — = 

(uw)^ — 1 [uvy — 1 [[uv)'' — l)[(uv)-^ — 1) 

= ("^) ( I2 1 — n ' 

(uvy + + 1 

i.e., i?st(^; u, v) is not a polynomial and e^tiX) = 5/3 Z. 

Remark 5.4 It is known that canonical Gorenstein singularities of surfaces are exactly ADE- 



rational double points which always admit crepant desingularizations. By 3.12, Est{X;u,v) is a 
polynomial and est(-^) G Z for arbitrary algebraic surface X with at worst canonical singularities. 
One can prove that est(^) G Z also for arbitrary algebraic surface X with at worst log-terminal 
singularities. 

Question 5.5 Let X be a geometric quotient of C" modulo an action of a semisimple subgroup 
G C SL{n, C). Is it true that E(X; u, v) is a polynomial? 

Remark 5.6 The answer is known to be positive if G is commutative {X is a Gorenstein toric 
variety), or if G is finite (see Q). 

Conjecture 5.7 Let f : X --^ Y be a flip of two projective Z- dimensional varieties with log- 
terminal singularities. Is it true that est(^) > &st{Y)? 



Remark 5.8 As we observed in 4.11, the statement holds true if X and Y are toric varieties and 
/ is a toric flip. 

Conjecture 5.9 Let X be a d-dim,ensional algebraic variety with at worst Gorenstein canonical 
singularities. Then the denominator of the rational number est{X) is bounded by a constant C{d) 
depending only on d. 



Remark 5.10 In Example 5.1, it follows from the boundedness of the Fano index k < dim Xq+I = 
d that est(-'^) G ^Z. We expect that if dimX = 3, then est{X) G ^Z, where n G {1,2,3,4,6}. 
Some evidences for that can be found in 12411. 
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6 Appendix: non-Archimedian integrals 



Let X be a smooth n-dimensional complex manifold, p E X sl point, and Ag := {z : |z| < (5} C C 
a disc with center of any small radius S. Two germs of holomorphic mappings y 1,1/2 '■ Ag — > X 
such that 2/1 (0) = 1/2(0) = p are called ^-equivalent if their derivatives in coincide up to order 
I. The set of Z-equivalent germs is denoted by Ji{X,p) and called the jet space of order / at p 
(see Part A). It is well-known that the imion 

Mx)^ y Ji{x,p) 

is a complex manifold of dimension (/ + l)n, which is a holomorphic afhne bundle over X (but not 
a vector bundle for I > 2!). The complex manifold Ji{X) is called the jet space of order I of 
X. There are canonical mappings ji : Ji+i{X) Ji{X) [l > 0) whose fibers are isomorphic to 
affine linear spaces C". We denote by Joo{X) the projective limit of Ji{X) and by tti the canonical 
projection Jqo{X) Ji{X). The space Joo{X) is known as the space of arcs of X. We denote 
by JooiX,p) the projective limit of Ji{X,p) and call it set of arcs at p. 

Let R be the formal power series ring C[[i]], i.e., the inverse limit of finite dimensional C-algebras 
Ri := C[t]/ {t'"'^^). If X is n-dimensional smooth quasi-projective algebraic variety over C, then the 
set of points in Joo{X) (resp. Ji{X)) coincides with the set of i?-valued (resp. i?/-valued) points 
of X. 

From now on we shall consider only the spaces Joo{X), where X is a smooth quasi-projective 
algebraic variety. In this case, Ji{X) is a smooth quasi-projective algebraic variety for all I > 0. 

Our further terminology is influenced by the theory of Gaussian measures in infinite dimensional 
linear topological spaces (see the book of Gelfand and Vilenkin Ch. IV). 

Definition 6.1 A set C C Joo{X) is called cylinder set if there exists a positive integer I such 
that C = 7rfi(B,(C)) for some constructible subset Bi{C) C Ji{X) (i.e., for a finite union of 
Zariski locally closed subsets). Such a constructible subset Bi{C) will be called the /-base of C. 
By definition, the empty set C Jod{X) is a cylinder set and its Z-base in Ji{X) is assumed to be 
empty for alH > 0. 

Remark 6.2 Let C C Joo{X) be a cylinder set with an /-base Bi{X). 

(i) It is clear that B,+i(C) := jf^{Bi{C)) C Ji+i{X) is the (/ 4- l)-base of C and Bi+i{X) is a 
Zariski locally trivial afline bundle over Bi{C), whose fibers are isomorphic to the affine space C". 

(ii) Using (i), it is a standard exercise to show that finite unions, intersection and complements 
of cylinder sets are again cylinder sets. 

Next statement follows straightforward from the definition of jet spaces of order /: 

Proposition 6.3 Let p G X be a point of a smooth complex quasi-projective algebraic n-fold X 
and zi, . . . , z„ are local holomorphic coordinates at p. Then the local coordinate functions zi, . . . , z„ 
define canonical isomorphisms of quasi-projective algebraic varieties 

J/(X,p) ^ Jz(C",0) V/>0. 

In particular, one obtains a canonical isomorphism of algebraic pro-varieties 

Joo(X,p)- Jo,(C",0) 
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which induces a bijection between cylinder sets in J^o {X, p) and cylinder sets in J^o (C" , 0) , where 
•/cx)(C", 0) can be identified with the set of all n-tuples of formal power series . . . ,p„(i)) G i?" 

having the property (pi(0), . . . ,p„(0)) = (0, . . . ,0). 

Corollary 6.4 For any point c — (ci,...,c„) G C", there exists a canonical isomorphism of 
algebraic pro-varieties 

^oo(C",c)- Joo(C") 

which is defined by the mapping 

(Pc ■■ {Xi{t), . . . ,Xn{t)) ^ {{t - Ciy^Xi{t),. . . ,{t ~ Cny^Xnit)). 

The mapping ipc induces a bijection between cylinder sets in Joo(C", c) and cylinder sets in Joo(C"). 

Recall the following property of constructible sets (of. |2^, Cor. 7.2.6): 

Proposition 6.5 Let Ki D K2 D • • • be an infinite decreasing sequence of constructible subsets of 
a complex algebraic variety V . Assume that Ki is nonempty for all i > 1. Then 



Proof. Denote by Ki the Zariski closure of Ki. By notherian property, there exists a positive 
integer m such that Ki — Ki^i for all i > m. Let Z be an irreducible component of Km- Then 
for any i > m there exists a nonempty Zariski open subset Ui C Z such that Ui is contained in Ki. 
By theorem of Baire, IJ,"^! U, ^ 0. Therefore, IJ.^i Ki ^ 0. 

□ 

The following property of cylinder sets will be important: 

Theorem 6.6 Assume that a cylinder set C C Jqo{X) is contained in a countable union [J°Zi Ci 
of cylinder sets Ci. Then there exists a positive integer m such that C C Ufc=i hi- 
proof. Without loss of generality, we can assume that all Ci are contained in C (otherwise we 
could consider cylinder sets C n instead of Ci). Define new cylinder sets 

Zfc :=C\(CiU---UCfe), (fc>l). 
Thus, we obtain a desreasing sequence 

Zi D Z2 D D • • ■ 

of cylinder sets whose intersection is empty. Assume that none of sets Zi, Z2, . . . is empty. Then 
there exits an increasing sequence of positive integers Zi < ^2 < ^3 • • • such that Zk = 'k'['^{Bi^ i^k)) 
for some nonempty constructible sets Bi^{Zk) C Ji^{X) for all fc > 1. Then Tri{Zk) 7^ for all 
I > 0, k > 1. By theorem of Chevalley, 7r;(Zfe) C Ji(X) is constructible for alH > 0, fc > 1. On 



the other hand, using 3.5, we obtain 

Bi := f|7r,(Zfe)^0, V;>0. 



fc>i 
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Since Bq ^ (/), we can choose a closed point p E Bq and set 



Zk{p) := ZknJoo{X,p). 

Then the cyhnder sets Z^.(p) are nonempty for aU fc > 1 and form a desreasing sequence 

Ziip) D Z2{p) D Zsip) D ■ ■ ■ 

whose intersection is empty. Now we show that the last property leads to a contradiction. 

By 3.3, we can restrict ourselves to the case X = C" and p ^ Po £ C". Using the isomorphism 



,Po)~Joo(C") (see 6.4) 



and the induced bijection between cylinder sets in Joo(C",po) a-nd Joo(C"), we can repeat the 
same arguments for Joo(C") and choose a next point pi G Ji(C",po) == ^o(C") such that pi £ 
Bi and jo(pi) — Po- By induction, we obtain an infinite sequence of points pi G Bi such that 
jiipi+i) = pi- It remains to show that the projective limit of {pi}i>Q is a point q G Joo(C",po) 
which is contained in all cylinder sets Zk {k > 1). Indeed, we have p;, G i?;^. C 7:i^{Zk) = Bi^{Zk). 
Since Zk is a cylinder set with the Zfe-base Bif,{Zk) and TTi^{q) ~ pi^, we obtain q G Zk- Therefore, 
q G nfc>i 7^ 0- Contradiction. 

□ 



Definition 6.7 Let Z[t^^] be the Laurent polynomial ring in t with coefficients in Z and A the 
group algebra of ((Q), +) with coefficients in Z[t^^]. We denote by G A the image of s G Q under 
the natural homomorphism (Q, +) —>■ (A*,-), where A* is the multiplicative group of invertible 
elements in A (f? G A is considered as a transcendental element over Z[r='=^]). We also write 

A := Z[r±i][6'Q] 

and identify the ring A with the direct limit of the subrings Ajy := Z[r^-'^] [f?"^^] C A, where N 
runs over the set of all natural numbers. 



Definition 6.8 We consider a topology on A defined by the non-Archimedian norm 

Ml : A^R>o 

which is uniquely characterised by the properties: 

(i) ||a5|| = ||a||-||fe||,Va,6G^; 

(ii) ||a + 6|I =max{||a||,||6||},Va,5G^if ||a|| ^ ||&||; 

(ii) ||a|| = l,VaGZ[r±i]\{0}; 

(iii) 1161^11 = e-" if s G Q. 

The completion of A (resp. of An) with respect to the norm || • || will be denoted by A (resp. by 
An). We set 

Aoo [j An c A. 
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Remark 6.9 The noetherian ring consists of Laurent power series of 6^^^ with coefficients in 
Z[r^^]. The ring A consists consists of formal infinite sums 

oc 

1=1 

where si < S2 < • • ■ is a sequence of rational numbers having the property 

lim Si — oo. 

i — *oo 

Definition 6.10 Let C is a constructible subset in a complex quasi-projective algebraic 
variety V. Assume that 

W = WiU---UWk 

is a union of pairwise nonintersecting Zariski locally closed subsets Wi , ■ ■ ■ , Wk ■ Then wc define 
i?-polynomial of W as follows: 

fc 

E{W]u,v) ■.= Y,E{W^■,u,v). 

1=1 



Remark 6.11 Using |2.l| (i), it is easy to check that the above definition does not depend on the 
choice of the decomposion of W into a finite union of pairwise nonintersecting Zariski locally closed 
subsets. 

Now we define a non-Archimedian cylinder set measure on Jryo{X). 

Definition 6.12 C C Joo(Ar) be a cylinder set. We define the non-Archimedian volume 

Volx{C) G of C by the following formula: 

Volx{C) := £;(B,(C);t6I-\t-16I-1)6i('+i)2» e ^i, 

where C = 7r-i(B,(C)) and E{Bi{C)]u,v) is the i;-polynomial of the ^-base Bi{C) C Ji{X). If 
C = 0, we set Volx{C) := 0. 

Proposition 6.13 The definition of Volx{C) does not depend on the choice of an l-base Bi{C). 



Proof By |2.1|(iii) and|6J(i), 

E{Bi+iiC);Te-\T-'9-') = EiC';T0-\T-'e-') ■ E{Bi{C)- rO-^T-'e-') 

1 



This implies the required independence on / by induction arguments. 



□ 
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Proposition 6.14 The non-Archimedian cylinder set measure has the following properties: 

(i) If Zi and Z2 are two cylinder sets such that Z\ C Zi, then 

\\Volx{Z^)\\ < \\Volx{Z2)\\. 

(ii) If Zi, . . . , Zk are cylinder sets, then 

\\Volx{Zi U • • • U Zfc)|| = uL^\\Volx{ZM- 

i—l 



Proof, (i) It follows from j.lC] that for any constructible set W one has 



\\E{W;Te-^,T-^e 



Ifl-lMI _ „2dimW 



e 



Therefore 

\\Volx{Z,)\\ = ||i;(B,(Z,);T6i-\T-ie'-i)||e-2"('+i) = ^2d^mB,izo^2n{l+l) ^ i = 1,2. 

The inclusion Zi C Z2 implies that there exists a nonnegative integer I such that Bi{Zi) C Bi{Z2), 
i.e., dim Bi{Zi) < dim Bi{Z2). This implies the statement, 
(ii) Using our arguments in (i), it remains to remark that 

k 

dim{Wi U • ■ • U Wk) = max dim Wi. 

i—l 

□ 



Remark 6.15 It follows immediately from ^.l| (i) that 

VolxiC) = VolxiCi) + ■■■ + VolxiCk) 

if C is a finite disjoint union of cylinder sets Ci, . . . , C^. This show that Volxi-) is a finitely 
additive measure. The next example shows that an extension of Volx{-) to a countable additive 
measure with values in Ai needs additional accuracy. 



Example 6.16 Let C C R = C[[t]] be the set consisting of all power series J2i>o'^i^^ such that 
fli 7^ for alH > 0. For any k e Z>o, we define Cfc C i? to be the set consisting of all power series 
J2i>o ^^'^^ fli 7^ for all < i < fc. We identify R with Joo(C). Then every Ck C Joo(C) 
is a cylinder set and Volc{Ck) = [0"^ — 1)'^+^. Moreover, we have 



Co D Ci D C2 D ••• , and C= fl C^. 

k>0 

However, the sequence 

VolciCo), VolciCi), Volc{C2), ... 

does not converge in Ai. 
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Definition 6.17 We say that a subset C C Joo{X) is measurable if for any positive real number 
e there exists a sequence of cyhnder sets Co{e), Ci{e), C2(e), • • • such that 

(CACo(£)) C y a{e) 
i>l 

and ||yo/x(C'i(£))|| < £ for ah i > 1. If C is measurable, then the element 

Volx{C) := limCo(e) G li 

£—+0 

will be called the non-Archimedian volume of C. 



Theorem 6.18 In the above definition, the limit \im^^oCo{s) exists and does not depend on the 
choice of the sequences Co(e), Ci(e), C2(e), • • •• 

Proof. Let C be a measurable set. For two positive real numbers e, e' we choose two sequences 
Co (e),ai(e),C2 (£),••■ and C'o{e'),C[{e'),C!,{e'), ■ ■ ■ , 



such that 
and 

Then we have 



Since (Co(£)ACg(e')) is a cylinder set, it follows from |6.6| that there exist two positive integers 
L{e) and L(e') such that 

/Lie) \ /l(s') 
{Coie)AC',{e')) C IJ C.(e) U MJ CHe') 



\\Volx{a{em < £, \\Volx{C'^ie'm < e' (Vz > 1), 
(CACo(£)) C U Cde), (CAC^(£')) C (J C[{e'). 

i>l i>l 

{Co{e)AC^{e')) c {\JQ{s)] U ( (J C^e') 
\i>i / \i>i 



By 6.14, we obtain 

\\Volx (Co(e)AC^(e')) II < niax{£,£'}. 

Using the inclusions 

Coie) \ (Coie) n C^(e')) C (Co(e)AC^(e')) , C^(e') \ {Coie) n C^(e')) C (Co(e)AC^(£')) , 

we obtain the inequalities 

WVolx (Coie) \ (Coie) n C'oie'))) ||, \\Volx (C^(e') \ (Co(£) n C'ois'))) \\ < max{e,£'}. 

Using 6.15| and disjoint union decompositions Co(e) — (Co(e) \ (Co(e) n CQ(e'))) U (Co(£) fl Cg{s')) 
and C^(£') = (C^(£') \ (Co(£) n C^(£'))) U (Co(£) n C^(£')), we conclude that 

WVolxCoie) - yoZxC^(£')ll < niax{£,£'}. 
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Now standard arguments show that both hmits 

limCo(e), hm Co(£') 

exist and coincide. 

□ 

The proof of the following statement is a standard exercise: 

Proposition 6.19 Measurable sets possess the following properties: 

(i) Finite unions, finite intersections of measurable sets are measurable. 

(ii) If C is a disjoint union of nonintersecting measurable sets Ci, . . . , C^, then 

Volx{C) = VolxiCi) + ■■■ + VolxiCm). 

(iii) If C is measurable, then the complement C := Joo(^) \ C is measurable. 

(iv) // Ci, C2, . . . , Cm, ■ ■ ■ is an infinite sequence of nonintersecting measurable sets having the 
property 

lim \\Volx{Ci)\\=0, 

then 

00 

is measurable and 

00 

Volx{C)=J2yolx{Ci). 

i=l 



Definition 6.20 We shall say that a subset C C Joo{X) has measure zero if for any positive 
real number e there exists a sequence of cylinder sets Ci{e), C2(£), ■ • • such that C C Ui>i ^i(^) 
and \\Volx{Ci{e))\\ < e for all i > 1. 

Definition 6.21 Let Z (Z X he a, Zariski closed algebraic subvariety. For any point x G Z, we 
denote by Ox,x the ring of germs of holomorphic functions at x. Let Iz,x C Ox,x be the ideal of 
germs of holomorphic functions vanishing on Z. We set 

Jl{Z,x) := {y e Ji{X,x) : g{y) = V5 e Iz,x}, I > 1, 

Joo{Z,x) := {y e Joc{X,x) : g{y) = e Iz,x} 

and 

J^{Z) := U J^iZ,x), Joo(X,Z) := J^{X) \ J^{Z). 

xez 

The space Joo{Z) C Joo{X) will be called space of arcs with values in Z. If c X is a Zariski 
locally closed subset, i.e., W = Z (lU for some closed Z and open U, then we set 

Joo{X,W) :=J^{Z)nJ^{X,X\U). 
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Proposition 6.22 Let W be an arbitrary Zariski locally closed subset in a smooth irredicible quasi- 
projective manifold X. Then Joo{X,W) C Joo(^) is measurable. Moreover, one has 



VolxiJooiX,W)) 



if dim W < dim X 

Volx{Joo{X)) lidimW^dimX. 



Proof. Using |6.19| , one immediatelly obtains that it suffices to prove the statement only in the 
case when X is affine and W is smooth irreducible subvariety of codimcnsion 1. Then Bi{Z) := 
Tri{Jao{Z)) C Ji{X) is a complete intersection of + divisors, i.e., dimBi{Z) = (n — + Let 
Ci be the cyhnder sets with the /-base Bi{Z). Then C; contains Joo{W) and ||Fo/x(C;)|| = e"^('+i). 
Taking I arbitrary large, we obtain that ||Fo/x(>^oo(W^))ll = 0. 

□ 

Definition 6.23 A function : Joo(-'f) ^ QU{oo} is called measurable, if i^^^(s) is measurable 
for all s e Q U {oo}. 



Definition 6.24 A measurable function F : Joo{X) QlJ {oo} is called exponentially inte- 

grable if F^^{oo) has measure zero and the series 

J2\\Volx{F-\sme-^^ 

is convergent. If F is exponentially integrable, then the sum 

/ e-^ ■.^y2Volx{F-\s))9^' e A 

will be called the exponential integral of F over Joo{X). 



Definition 6.25 Let D C Div{X) be a subvariety of codimcnsion 1, a; G a point, and g £ Ox,x 
the local equation for D at x. For any y G Joo{X,D), we denote by {D,y)x the order of g{y) at 
t = 0. The number {D,y)x will be called the intersection number of D and y a.t x ^ X. 
We define the function 

Fd : Joo(^) ^Z>oU{^} 

as follows: 

r iiMy)=x^D 
FDiy) = < {D,y)x a My) ^D, hut y^J^{D) 
[ oo if 2/ e Joo(-D) 

li D = YllLi'^i^i £ Div{X) ® Q is a Q-divisor (i.e., G Q and Di is irreducible subvariety 
Vi G {1, . . . , m}), we set 

rn 

Fd '■— ^ diFi)., 

i=l 

where the symbol oo is assumed to have the properties oo±oo = oo, s-oo = oo (Vs G Q). 
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Proposition 6.26 Let D C Div{X) (Ei Q be an arbitrary Q-Cartier divisor. Then the function 

Fd ■■ JooW^Qu{(X3} 

is mesurable. Moreover, one has 

/ e"-^°i+"2 = / (.-Fd,-Fo^ y Di,D2 e Div{X) •g>Q 

provided both integrals exist. 

Proof. If Z? C Div{X) be a subvariety of codimension 1, then there exists a finite open covering 
by affine subsets X = UiLi Ui such that D DUi C Ui is a principal divisor (fi). Since each subset 
Joo{Ui) C Joo{X) is a cylinder set, it suffices to show that the F^^{1) n Joo{Ui) is a cylinder set 
with some (Z + l)-base for all I £ Z>o (cf. |6.2| (ii)). The latter follows directly from a local definition 
of {D, •). The rest of the proof follows from the equality: 

F-\s)^ E F,-\s^)nF,-'{s,), 

Sl+S2 = S 

□ 

Theorem 6.27 Let p : X' —t X be a projective morphism of smooth complex varieties, W = 
^i^i Cartier divisor defined by the equality 

r 

Kx' = p*Kx+Y,e,W,. 

i=l 

Then a function F : Joo{X) ^ Q U {cxo} is exponentially integrable if an only if F o p + Fyy is 
exponentially integrable. Moreover, if the latter holds, then 

.Jco(X) J.J^(X') 



Proof. First we remark that if C C Joq{X) is a cylinder set, then p^^{C) C Joq{X') is again a 
cylinder set. Moreover, since p : X' ^ X is projective and birational, the induced mapping of the 
spaces of arcs establishes a bijection 

Joo{X') \ Joo(T4^1 U • • • U W,) ^ Joo(X) \ Joo{p{Wi U • • • U Wr)). 

For any integer fc e Z U {00}, we denote by Uk{X' ,W) the cylinder set consisting of all arcs 
y' G Joo{X') such that Fw{y') = k- Then for any cylinder C C Joo{X) we have a disjoint union 
decomposition: 

p~\c)^ y p-\c)nUk{x',w). 

feezu{oo} 

In particular, if we choose s G Q U {00} and set 

C{k,s) ■.= p-\F-\s))nUk{X',W), 
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then we obtain 

{Fop)-\s)= y C{k,s) and F-\s)= \J p{C{k,s)). 
feezu{cx>} feezu{oo} 

The key observation is the fact that k = Fw{y') is the order of vanishing of the Jacobian of p at 
any arc y' e Uk{X', W). Using this fact, we obtain 

Volx{p{C{k,s))) = e^''Volx'{C{k,s)). 

Therefore, 

^ \\Volx{F-\sme-'^ = E \\Volx{p{C{k,sme-'^ = 

seQU{oo} seQU{oo} /ceZU{oo} 

= E E \\Volx'{C{k,sme-'^+''^= WVolx'iipoF + Fwr'me-'^. 

seQU{oo} feeZU{oo} seQU{oo} 

This impUes that the sum 

Y \\Volx{F-\sme-'^ 

seQu{oo} 

converges if and only if the sum 

Y \\Volx'{{poF + Fw)-'{sme-'^ 

seQu{oo} 

converges. In the latter case we obtain the equality 

Y Volx{F-\s))e-^' = Y Volx'iip o F + Fw)-\s))e-^'. 



Theorem 6.28 Let D :— aiDi + - ■ ■ + arDr G Div{X)(E)Q be a Q-divisor. Assume that the subset 
of all irreducible components Di with ai ^ form a system of normal crossing divisors. Then Fjj 
is exponentially integrable on Joo{X) if and only > — 1 for all i & {1, . . . ,r}. If the latter holds, 
then 



Proof. Denote by Joo{D) C Joo(X) the subset of all arcs contained in the union Di U • • • U Dr. 
Since Volx{Jcc(D)) = 0, it is sufficient to investigate the exponential integral of Fd only over 
Joo{X, D) := Joa{X) \ Joo{D). For any (mi, . . . , m,.) G Z>q, we denote 

Umu...,'mAX,D) := {y & Jao{X,D) : {Di,y) = rui, . . . , {Di,y) = nir}. 

If J C / := {1, . . . , r}, then we set 

U{X,D°j) := {y e J^{X,D) : no{y) e D°j} 
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and 

Mj := {(mi, . . . , mr) G Z>o : to^ > <^ j £ J}. 
Thus, we obtain the foUowing two stratifications of Jry^{X, D): 



Jci 

and 

(mi,...,mr)£Z^g 

where 

U{X,D°j)^ y C/„H,....m„(^,^)- 

(mi ,. . . ,m^) GAf J 

We remark that the value of Fo on the cyhnder set t/mi,...,m,. D) equals Xljej ^(^j + On 
the other hand, we have 

r 

1=1 

= E{D°j;Te-\T-^e-'^){0-^ - 1)1^1 [|6|2("^-+i), if (mi,...,m^) G Mj. 
The function Fo is exponentially integrablc if and only if the series 

r 

JCI {mi,...,m,^)£Mj 1 = 1 



^n-\J\+r -J-j- p-2(mj+l)(a,+l) 
JC/ (mi,...,mr)eAfj i=l 



is convergent. The latter holds if an only if a; + 1 > for all / G {1, . . . , r}. Using the stratifications 
U{X,D°j) by Umi....,mr-{X, D), we can rewrite the integral as follows 



jci meMjjeJ 



□ 



Proof of Theorem 3.4: Let pi : Yi X and p2 : I2 ^ be two resolutions of singularities 
such that 

Ky, = pIKx + Di, Ky, = pIKx + D2 

where 

= E and - E < > 
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Choosing a resolution of singularities po Yq ^ X which dominates both resolutions pi and p2, 
we obtain two morphisms ai : Yq ^ Yi and a2 : Yq ^ Y^ such that Pq = p\ o oix — p2 o a2- We 
set F = Fky^^pIKx- Since 

Ky, ~ pIKx = {Ky„ - a*KY,} + a*D,, {i = 1, 2), 

we obtain 



e"-""! / e~ = e^-'^s (see [6.271). 

Jco(Vi) Jj^iYo) Jj^iY^) 



On the other hand, by 6.28 , we have 



'J^(Yi) 

Making the substitutions 



we obtain that the definition of the stringy iJ-function Est{X;u,v) doesn't depend on the choice 
of resolutions pi and p2 ■ 

□ 

Now we can deduce a Hodge-theoretic version of the results in 1^ : 

Corollary 6.29 // two smooth n- dimensional projective varieties Xi and X2 having trivial canon- 
ical classes are birationally isomorphic, then the Hodge numbers of Xi and X2 are the same. 

Proof. Let a : Xi X2 be birational map. By Hironaka's theorem we can resolve the 
indeterminancy locus of a and construct some projective birational morphisms 

/3i : X ^ and P2 : X X2 

such that a = f32 ° Pi^ ■ Since the canonical classes of both Xi and X2 are trivial, it follows from 
l27|that 

/ e" = / e--^«- = / e°, 

where W is the canonical class of X. On the other hand, 

/ e° = VolxAJoo{X,)) ^ E{X,;Te-\T-^0-^)0^^ (^-1,2). 

Jj^iXi) 

This implies the equality for the Hodge numbers of Xi and X2. 

□ 
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